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Abstract 

We prove a generalization of one of Lie's Theorems in the context of 
Lie-like algebras^""''. 

The theory of Lie algebras has many applications in mathematics and physics. 
One possible way of generalizing the theory of Lie algebras is to develop the the- 
ory of Lie-like algebras^""'' algebras, where the notion of a Lie-like algebras^""*^ 
algebra was introduced in [4l. One of Lie's Theorems claims that the only ir- 
reducible representations of a solvable Lie algebra over an algebraically closed 
field k of characteristic have dimension 1. We call this theorem Lie's Theorem 
for convenience in this paper. Since Lie's Theorem is one of the fundamental 
results in the theory of Lie algebras, finding the counterpart of Lie's Theorem 
in the context of Lie-like algebras^^'"^ is of importance to develop the theory of 
Lie-like algebras^""''. The purpose of this paper is to prove a generalization of 
Lie's Theorem in the context of Lie-like algebras^""'^. 

In this paper, all vector spaces are vector spaces over an algebraically closed 
field k of characteristic 0. The generalization of Lie's Theorem in this paper 
claims that a finite dimensional nonzero ordinary module over a finite dimen- 
sional solvable Lie-like algebras^^"'' always contains a one-dimensional ordinary 
submodule. Since a finite dimensional nonzero module over a finite dimensional 
solvable Lie superalgebra does not always contain a one-dimensional submodule 
([!]), Lie-like algebras^""'' are closer to Lie algebras than Lie superalgebras. 
Hence, using Lie-like algebras^""'' seems to be more suitable than using Lie 
superalgebras in order to extend Lie theory. 

After discussing the basic properties of modules over Lie-like algebras^""'' 
in Section 1, we use Section 2 to give the proof of the generalization of Lie's 
Theorem. 
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1 Modules over Lie-like Algebras^ 

We begin this section with the definitions of a Lie-hke algebra^^""* L and an 
ordinary L-module( 4J). 

Definition 1.1 Let S be a nonempty set. A vector space L is called a Lie-like 
algebra^^'"^ induced by the set S if there exist a family of binary operations 

{,)k:LxL^Lisa binary map and A: G | 
such that both the Jacobi-like identity^^"'' 

{{x,y)k,z)h = {x, {y,z)h)k + {{x,z)h,y)k (l) 

and the following identity 

{{x,y)k,z)h ^ {{x,y)h,z)k (2) 

hold for X, y, z ^ L and h, k ^ S 

A Lie-like algebra^""'' L induced by the set S is also denoted by ( L , ( , )k£S )■ 
The notion of a Leibniz algebra was introduced in fSl . Clearly, if L is a Lie- like 
algebra^""'' induced by a set then L is a Leibniz algebra with respect to the 
binary operation ( , )k for each k d S. Thus, a Leibniz algebra is a Lie- like 
algebra^^"'^ L induced by the set whose cardinal number is 1, and a Lie- like 
algebra^""'' induced by a set S* is a bundle of Leibniz algebras satisfying the 
Jacobi-like identity^""'' and 

A Lie-like algebra^^"'' {L , {, )kes ) is said to be non-trivial if there do not 
exist a binary operation {, ) : L x L ^ L and a map : S* — > k such that 

{x,y)k — 4'{k){x,y) for x, y E L and k ^ S. (3) 

A subspace / of a Lie- like algebra^^"'' {L )kes) is called an ideal of L if 
(/, L)s C / and (L, /), C / for all s e S. 

Definition 1.2 Let L be a Lie-like algehra}^'^'^ induced by a set S. A vector 
space V is called an ordinary module over L (or an ordinary L-modulej 

if there exist a family of linear maps 



fk, 9k 



such that 



fk-x^ fk{x) and g^. : x ^ gk{x) are linear 
maps from L to End{V) for x E L and k E S 



M{x,y)k)^[fh{x), fk{y)], (4) 
gh{{x,y)k) = [ghix), fkiy)], (5) 
9k{x)gh{y) = 9h{x)fk{y) = 9k{x)fh{y), (6) 
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and 

fk{x)fh{y) = fh{x)fk{y), .fk{x)9h{y) = fh{x)gk{y), (7) 

where x, y e L, and [fhix), fkiy)] := fh{x)fk{y) - fk{v)fh{x) is the ordinary 
bracket. An ordinary L-module V is also denoted by (V, {fk}, {gk}kes), ^.nd fk 
and gk are called the right linear map indexed by k and the left linear 
map indexed by k of V, respectively. 

The notion of a module over a Leibniz algebra, which was introduced in [B] , 
is a special case of the notion of an ordinary module over a Lie-like algebra^""'^. 
Clearly, an ordinary module over a Lie-like algebra^^"'' is a bundle of modules 
over Leibniz algebras. 

If {V:{fk},{gk}kes) is an ordinary module over a Lie-like algebra^"""* L, 
then 

fh{{x, y)k) = fk{{x, y)h) for x, y e L and h, k e S (8) 

and 

gh{{x,y)k) = gk{{x,y)h) for y e L and /i, fc e S". (9) 

If {L,{, )kes) is a Lie-like algebra^""'', then {L, —rk,ik) is an ordinary 
module over the Lie-like algebra^""'' L, where and £k are the right multipli- 
cation and the left multiplication of L, respectively; that is, 

rk{x){a) :— (a, x)k and £k{x){a) :— {x, a)k for x, a € L and k £ S. (10) 

This ordinary L-module {L, —rk,£k) is called the adjoint module over the 
Lie-like algebra^^"'' L. 

Let {V,{fk},{gk}k£s) be an ordinary module over a Lie-hke algebra^^"*^ 
{L , {, )keS )■ A subspace U oi V is called an ordinary submodule of V if 

fk{x){U)CU and gk{x){U)<ZU for x G L and A: G 5. 

Following [4J, the subspace 

^2-„Y:= E H9h{x) - fkix)){v) (11) 

is called the plus annihilator of V, which is an ordinary submodule of V and 
plays an important role in the proof of the generalization of Lie's Theorem. 

A Lie-like algebra^^"'' )kGs) is said to be solvable if there exists 

a positive integer n such that V^C = 0, where V^C is defined inductively as 
follows: 

v^C:=c, i?"+i/: = Vn>i. (12) 

fees 
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2 The Proof of the Main Theorem 

In order to present the proof of the generahzation of Lie's Theorem in a clear 
way, we divide it into a few parts. First, we have 

Proposition 2.1 Let V be a finite dimensional vector space over k, and let Q 
he a subspace of the general linear Lie algebra g£{V). If A is a subspace of g£{V) 
and 

g^J^giivM) {X ege{V)\[AX]CA}, 

then 

U -.^ {u£V\A{u) =^ (j){A)u for all A e A} 

is an invariant subspace of Q ; that is, Q{U) C U, where : ^ — > k is a linear 
functional. 

Proof The proof of Proposition 2.1 is the same as the proof of Lemma 2 on 
page 24 in 7 . 

□ 

Next, we have 

Proposition 2.2 Let L — A^B^ix (direct sum of vector spaces) he a Lie-like 
algehrc?^'^'^'^ over the field k, where A is an ideal of L and (L, L)k C A for k € S. 
Let {V, {fk}, {gk}kes) be a finite dimensional ordinary L-module such that 

/fc(A)(Mo) = 0fc(A)iio, gk{A)iuo) ^ ■iJjk{A)uo for A e A and k e S , (13) 

where Uq £ V , (j^k ■ A ]i and ipi^ : A —>■ are functionals. If h £ S and 
Ujn 9h(.x)'^{uo) for m G Z>q, then 

rn— 1 

fk{A){ura) = </)fc(A)u™mod(Fr"/+E'^"»)' (14) 

i=0 
m — 1 

gk{A){u„i) = ■^|:k{A)ur,^ mod 

and 

rn 

fk{x){Ur,i) = U,n+1 mod {V2~nd^ + ^ ^""i) (1^) 



i=0 



for all A £ A and k £ S . 



Proof We use induction on m to prove ITS)) and (fTB|) . If m = 0, then both 
(0 and (US]) hold by and ^ holds by 
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We now prove that if HH) , and hold for a fixed nonnegative integer 
n with n < m, then 

m 

/fe(yl)(w„,+i) = ^fe(yl)M„i+i morf (v^!^^;^^ + ^ kwj^ , (17) 

1=0 
m 

5fe(A)(M„j+i) = ■il!kiA)um+i mod f V^a^-nd^ + ^"') (1^) 

and 

m+l 

/fc(x)(u„i+i) = w„+2 TOod (^Vj™"^^ + ^ kuj^ (19) 

for all A G ^ and k e S. 

Since V^^l^'^ is a submodiile of y, we have 

h{z){Vrn^)(=Vr::k^ forzeLandfce^. (20) 
Using (O, we have 

fk{A){u^+i) = fk{A)ghix){u„,) = ( - [ghix)Jk{A)] + gh{x)fk{A)yu^) 
= -gh{{x,A)k){u,n)+gh{x)fk(A)M. (21) 

Since A is an ideal of L, {x, A)k £ A. Hence, we get 

ghi{x,A)k){um) = tph{{x,A)k)um mod (v^^"^;^^ + ^ ku, 



or 



III 

gh{{x, A)k){ura) = mod [v^Z'd' + ■ (^2) 

Using the fact that 5h(a;)(F2-r?d^) ^ ^2™nd^' "^^ get 
5/i(a;)(/fc(-4)(M„0) 
= gh{x)(^(t>k{A)u^ mod [gh{x){V^™^;j^) + ^ k5,,(a;)(Mj)) 

1=0 

m 

= (t)k{A)gh{x){ujn) mod {v2-nd^ + X! ^"^^ 

TCI 

= 0fe (^)ii„,+i mod + E ku,) . (23) 

It follows from (HI]), (HI]) and ^ that ([TT]) holds. 



Similarly, one can prove that (fT5|) holds. 
Finally, using the fact that {x,x)k G A, we have 



fk{x){Um+l) = fk{x)gh{x){Urn) = - [gh{x) ., fk{x)] + gh{x) fk{x)]{u„ 
^ -gh{{x,x)k){Ur,t) + gh{x)fk{x)iu„r) 

il5} 



+ gh{x)fkix){um) mod (v^a"","^^ + ^ kw^ 



4=0 



.9/i(a;)(Mm+i) mod (^gh{x)(y^!'^j;^) +^\igh{x){i 

m+l 

Um+2 mod ( hi 



i=0 

m+l 



i=l 



which proves that fTO]) holds. 



Using Proposition 12. 2i we now prove the following 



□ 



Proposition 2.3 Let L = A^lix (direct sum of vector spaces) be a Lie-like 
algehrc?^'^'^ over the field k, where A is an ideal of L and (L, L)k Q A for k € S. 
Let (pk '■ A ^ h and ipk '■ A ^ h be functionals for k E S. If (V, {/fc}, {gk}kes) 
is a finite dimensional ordinary L-module, then 

fh {x) {U^nU^)CU^n for alike S (24) 

and 

gh{x){u) C U4, for all he S and ue{U^r\ U^) \ V^^k^ , (25) 

where 

kes kes 
U^, ■.^{ueV\fk{A){u)=MA)nforAeA} 

and 

U^^:^{ueV\ gk{A){u) = ijjk{A)u for A e A). 
Proof Since A is an ideal of L, we have 

[fh{x)Jk{A)] fk{{x, A)t,) e fkiA) ^ fnix) £ Ug,^v){fk{A)) (26) 



and 



[gk{A),fh{x)] i gk{{A,x)h) e gk{A) ^ fh{x) e Mg,^v){9k{A)). (27) 
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By (pS)) and Proposition [Til .fh{x) does not change C/^j., which imphes that 

= for A e A, u e and fc, £ 5. (28) 

Similarly, by (|27p and Proposition 12. 1[ does not change U^^, which 

implies that 

gkiA)(^fhix){u)') = MA)Mx){u) foTAeA,ue U^, and k.h^S. (29) 
Using (HSl) and 121]), we get ([Ml) . 
We now prove 

/fe(A)(5^(a;)(7.)) = 0fc(A)5„(a;)(w) (30) 

for A e A fc, e S' and u G (L/^ n t/^) \ V^a-T/- 

Let h be an arbitrary element of S. We define uq := u and := gh{x)™' {uq) 
for rn G -Z>o. Since V is finite dimensional and u„i G for m £ -Z>o, there 
exists a positive integer p such that 

Wh ■■= © kuo © ■ • ■ © kwp_i and e for m e Z>o. (31) 

By (HH) and ([101), we have 

fk{A){Wh) QWh for A e ^ and k € S. (32) 
By jlSl) and we have 

gfc(A)(VK/^) C P^,, for A e and /c G 5. (33) 
Clearly, we have 

ghixKWh) C Wh. (34) 

It follows that Wh is invariant under fk{A), gkiA) and gh{x). Combining a 
basis of V^^^'^ and the linearly independent vectors uq, ui, ■ ■ •, Up_i, we get a 
basis of Wh- With respect to this basis of Wh, the matrix of gh{{x, A)k)\Wh = 
[ghix)Jk{A)]\Wh G End{Wh) has the form 



/ ^dim V2°""j+ X dim V^J^"^'^ 



a (dim ^2"™^^) x p matrix \ 



^dim p X dim V^^^\^ 



\ 



iphi{x,A)k) * ••• * 

iphi{x,A)k) ■■■ * 

••• M{x,A)k) J 



by ([m, where M^^„^^a_„„^+^^,^^.„„,+ is the matrix of [gh{x)Jk{A)]\V^^2t 
with respect to the basis of V^^^^'^ . Hence, we get 

trM^tr{[gh{x),h{A)]\V^-: 



nn,4 
d 
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and 



= tr 



which impHes that 



iPhi{x,A)k) =0 for Ae Aa^ndh, k e S. (35) 
Using ([55]) . we have 




The following counterpart of Lie's Theorem claims that if L is a finite di- 
mensional solvable Lie-like algebra^"""* over an algebraically closed field of char- 
acteristic 0, then every finite dimensional non-zero ordinary L-module always 
contains an one dimensional ordinary submodule. 

Proposition 2.4 (The Generalization of Lie's Theorem) Let L be a finite 
dimensional solvable Lie-like algehrc?~^'^ over an algebraically closed field of 
characteristic 0. //(V, {/fe}, {gk\k£s) is a finite dimensional ordinary L-module, 
then there exist linear functionals 4>k, ipk '■ L ^ ]<. for k & S and a nonzero vector 
V in V such that 

fk[z){v) ^ (j)k[z)v, gk{z){v) ^ Tpkiz)v for z e L and k e S. (36) 
Moreover, either ipk — for all k E S or (j)k — ipk for all k Cz S . 

Proof We use induction on n := dimL. If n = 0, then Proposition l2.4l is clear 
true. 

Assume that Proposition 12.41 is true for all finite dimensional solvable Lie- 
like algebra^^'"* of dimensions smaller than n. Note that any subspace of L 
containing V^C = "^kesi^^ ideal of L. Since n = dimL > 1 and L is 

solvable, L ^ V^C. Therefore, we can find an ideal Aoi L such that (L, L)k C A 
ioi k € S and L = ^ © kx for some x ^ A. 

Now is a solvable Lie-like algebra'^^"'' of dimension smaller than n and 
{V, {fk}, {gk}kes) is a finite dimensional yl-module. It follows from induction 
assumption that 




there exist linear functionals ip'f, : ^ k 

and ip'i^ : A ^ ]s. toT k € S such that 
fkiA)iu) = ^',iA)u, gkiA)iu) = ^',iA)u 



for ^ e ^ and k e S 
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Then we have either U f] V^'Zt ^ or f / fl VCT™/ = 0. 

First, we assume that U ^V^-nt / 0. By dlQl) and JMl), we have 

h{^)(u[\vrj) C U[\V-l,^ for k e S. 

Hence, { /fc(a;)|([/ H ^2™mi^) | G } is a set of commutative hnear transfor- 
mations of the vector space [^0^2*-"^^ ©■ Thus, there exists 7^ i^o G 

\j Pi y^^i'nd ^^'i -^fc ^ ^ that 

/fe(x)(uo) Afe-wo for fc e S", 

which imphes that 

fk{z){vo) = (l)k{z)vQ for z E L and k ^ S, (37) 
where the functional 0^ : L — > k is defined by 



4>'k{z) if 26 A 
Afc if z = a;. 



If gk{x){vQ) = for A: e S", then 

fffe(-z)(^'o) = V'fe(z)i'o for z G L and fc e S', (38) 
where the functional 1/;^ : L ^ k is defined by 



Hence, holds for d := wo by ([57)1 and 

If gft(,(a::)(wo) i= for some ft-o G S", then ([55]) holds for v :— gho{x){vo) and 
4>k — i^k ~ with k E S. In fact, by ((H) and ([7]), we have 

fk{z)9hjx){gs{y) - My)) = = gk{z)ghjx){gs{y) - My)) (39) 

for z, y £ L and k, s, t £ S. Since vq G ^2"-™;^' ^0 ^ linear combination of the 
vectors in the set { {gs{y) — ft{y)){w) \ s, t E S, y E L and w eV}. It follows 
from this fact and ^5)1 that 

fk{z){gho{x){vo)) = = .gfe(z)(g/io(x)(wo)) for z e i and k E S, 
which implies that p6p holds for w := gho{x){vo) and 4>k = ''Pk — with k E S. 

We now assume that [/ p| ¥2™^ — 0, in which case, we prove ((36)) by cases. 
Using the same notations as the ones in Proposition [^31 we have U — Ucf, DU^. 
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Case 1: fho{x){w) ^ gh„{x){w) for some w € U and some hg 6 S, in which 
case, let w :— {fhaix) — gh„{x)){w). Then w 0. For any A G A, wc have 

fkiA){w) = hiA){h„{x) - g^,„{x)){w) 

= MA)[h,{x)H) - fk{A)[gH,ix){ 

^i{A}h„{x){w) - MA)(^gMH 

^i{A}h„{x){w)-(f>',{A)g,,„{x){w) 
= ^'f,{A){h,{x) - g,,,{x)){w) = cP',{A)w 

or 

fk{A){w) ^ (j)'kiA)w for all A e ^ and fc £ 5. (40) 
By dni), we have 

gkiA){w) ^ gkiA){fh,,{x) - gh„{x)){w) =0 for A G ^ and fc e S'. (41) 
Let 

U :^ {ue V\fk{A){u) = <l)'k{A)u, gk{A){u) = for aU A e ^ and keS}. 

It follows from (|40|) and (|4T|) that / z/; G [/ P| V^^^^^ , in which case, we have 
proved that (|36|) holds. 

Cage ^; fh[x){u) = gh{x){u) for all ft, G S' and all u G ?7, in which case, for 
A ^ A, we have 

gfc(A)(5„(x)(u)) ig,.(A)(A(x)(«)) # ^fc(A)(A(x)(u)) = Vfc(A)(g,(a;)(w)) 
or 

gh{x){u) G C/^ for u e U = 11^1,(1 and /i G 5. (42) 

By dlSl) and gH), gh{x){U) <ZU^r]U.^^U for /i G S*. This fact and jMl) 
prove that [/ is invariant under both fk{x) and gk{x) for k E S. In particular, 
the set { /fc(a;)|?7 I G S} consisting of commutative linear transformations has 
a common eigenvector in U. Hence, there exists A G k such that 

-.^{ue U\fk{x){u) ^ Xku iorkeS}^ 0. 

Let 7^ uq G and Um ■= 5/i(a^)"'(wo) for m G 2>o, where /i is a arbitrary 
fixed element of S. We now use induction on m to prove 

m — 1 

fk{x){um) = XkUm mod ^ ku.;^ for TO G Z>Q and k £ S. (43) 

Clearly, holds for m = 0. Assume that (^5)) holds for to. Then we get 

/fc(a;)(Mm+i) = fk{x)gh{x){uyn) = ( - [,gh(a;),/fe(x)] + .g/i(x)/fc(a;) ) («„) 



= -gh{{x,x)k){um) + gh{x)fk{x){um). (44) 
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Since u„i G C/ for m £ Z>o and {x, x)k G A, we get 

ghi{x,x)k){Urn) ^ 1p'hi{x,x)k)Urn- (45) 

Using we get 



gh{x)fk{x){u,n) = gh{x){\kUm) mod ( kg/,(x)(Mi 

m 

= \kgh{x){um) mod ( kuj) 
1=1 

= AfcMm+1 ™oc? f kM») . (46) 

4=1 

By dill), (gni) and JH]), we have 

m 

/fc(a;)(wm+i) = -'0,'j((x,a;)fe)M„ + AfeU,„+imod(^^kui^ 

i=i 

m 

= AfcW„+i mod ^ kwj^ , 

i=l 

which proves that (HH)) also holds for m + 1. 

Since is finite dimensional, there exists a positive integer p such that 

Wh := kuo © • • • ® kMp^^i and gh{x)[W) C W^. (47) 

By and (|T7)l . is invariant under both /fe(a;) for all fc £ 5 and gh{x). 
Since 

[/fc(a;),5/i(a^)](^*m) ^ -gh{{x,x)k){um) ^ -~xp'f^{{x,x)k)um, 

the matrix of [fk{x), gh{x)]\Wh in the basis uq, - ■ ■ ,Up-i of is the diagonal 
matrix: 

/ -i;'^i{x,x)k) ••• \ 

rr r \ I MiTir —1ph({x,x)k) •■■ 

[fk{x),gh{x)]\Wh= /'^^ 

V ••• y 

Hence, tr(^[fk{x),ghix)]\W^ = -p^p'f^{{x, x)k), which implies that ip'f^{{x, x)k) 
0. Now for any u £ C/'^, we have 

fkix)(^gh{x){u)j = (^[fkix),gh{x)]+ gh{x)fk{x)^i 



pxp 



-gh{{x,x)k){u) + gh{x)fk{x){u) 

-i>',^{{x,x)k)u + gh{x)fk{x)iu) = + Xkghix){u) 
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which impHes that gh{x){U^) C U^. This proves that is an invariant sub- 
space of gh{x) for all h € S. Since the set { gk{x)\U'^ \ k G S} of commutative 
linear transformations is commutative, there exists u' E such that 
gk(x){u') = ^ku' for k E S and fik G k. 

Summarizing what we know about u' e C U, we have 

fk{A){u') = <j>'k{A)u', gk{A){u') ^tl^'ki^y for A e A and fc G S' 

and 

fk{x){u') = Afcu', gk{x){u') — fiku' for A e A and k £ S. 
Hence, if we define linear functionals 4>k, ■ L ^ \i hy 

(f>k\A := (t)k, cj)k{x) Afe, 
il}k\A := il)'k, 4'k{x) := ^fc 

for k £ S, then 

= 5fc(z)(u') = V'fcWw', for z G L and fc e S", (48) 

which implies that ((36)) holds for v := u'. 

Finally, if iph 7^ for some h E S, then there exists y G L such that 
iphiu) 7^ 0. Let u be a nonzero vector satisfying ([5^ . For all z e i and all 
k G S, we have 

9h{y)fk{z){v) = gh{y){(t>k{z)v^ = 4>k{z)4'h{y)v (49) 

and 

gh{y)gk{z){v) ^ gh{y)\^k{z)v^ = i}k{z)^phiy)v (50) 
by ([36]). It follows from (gll) and jSOl) that 

(0fe(z) -^fe(z))v,.(y)(i;) = (5h(2/)/fc(^) -5/.(y)gfc(2))(«) ^ 0{v) = 0. (51) 

Since i^hiy) 7^ and v ^ 0, ([ST]) imphes that (/)a;(2;) = V'fe(^) for all z G L and 
all A: G 5. It follows from that (pk — V'fc for all A: G S*. 

□ 

As a corollary of Proposition [23 wc have the following 

Proposition 2.5 Let L be a finite dimensional solvable Leibniz algebra over an 
algebraically closed field of characteristic 0. // (V,/, g) is a finite dimensional 
nonzero L-module, then there exist two linear functionals (f), ^ : L ^ h and a 
nonzero vector v in V such that 

f{z){v)^(j>{z)v, g{z){v) = ■ip{z)v for z e L. 

Moreover, either (0, "0) ~ {4>,4>) or {(p^ip) ~ (0;O). 
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Proof Since a solvable Leibniz algebra is a solvable Lie- like algebra^ Propo- 
sition [23] follows from Proposition 12.41 directly. 

□ 

Proposition 12.5) which was announced in ^2J , has been used to classify the 
simple Leibniz algebras with Lie factor s^2 in 13j • 

Acknowledgment I thank Professor Jean-Louis Loday for his comments 
on the early version of this paper. 
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